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Going beyond the dichotomy arbitrage / no-arbitrage J

In order to:

@ consider model uncertainty without NA-restrictions
@ avoid imposing too idealized constraints
@ accommodate market shocks

@ use when difficult to check NA condition, as in data driven models (at the same
time, costly to impose martingale condition on pricing measures)

= we suggest a way to quantify arbitrage and see what we can say when allowing
for “small arbitrage” (pricing, hedging,...)
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Setting and notations

@ Discrete-time setting: t =0, 1,...,T

@ S adapted process on (QQ,F,F = (7—7)?:0, P): discounted asset price of d assets
e H= (Ht)tT:1 (predictable) trading strategies (denoted H € H)

@ | .|: Euclidean norm on R? (we can consider any p-norm, p € [1, ©))

o IIXIl = X, 1|

@ >0
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The notion of e-arbitrage

Definition

A trading strategy /- € H is a strict e-arbitrage if
P[(HeS)r—¢||H||>0]=1 and P[..>0]>0.

@ ¢ : “amount” of arbitrage
@ ||H|| : “normalization” of strategies, to be able to talk of amount of arbitrage
(alternative interpretation of ¢||H|| : cost of managing the portfolio associated to H)
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The notion of e-arbitrage

Definition

A trading strategy /- € H is a strict e-arbitrage if
P[(HeS)r—¢||H||>0]=1 and P[..>0]>0.

@ ¢ : “amount” of arbitrage
@ ||H|| : “normalization” of strategies, to be able to talk of amount of arbitrage
(alternative interpretation of ¢||H|| : cost of managing the portfolio associated to H)

Definition
A sequence (H"),-,C H of trading strategies is called an =-arbitrage if

B[liminf {(H e $)r ~ellH*I} 20| =1 and P[..>0]>0.

We write NA () if the market admits no e-arbitrage
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It is possible that:

@ A strict e-arbitrage
@ but 1 e-arbitrage
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It is possible that:

@ A strict e-arbitrage
@ but 1 e-arbitrage
(£,0), w=w

Example: t=0,1, Q :={w;,ws}, d =2, So(w) :=(0,0), S1(w) := {
& 1), w=w

= H*:=(k,1)is an e-arbitrage
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The notion of e-martingale measure

Definition

A probability measure Q ~ P is an s-martingale measure if, for all ¢, S, € L'(Q) and
|EqlAS |Fi-1]] < &.

Equivalently, for all H € H with ||H|| < 1,

Eq[(H e S)r — £llH|] <0

(cf. e-approximating martingale measures from Guo and Obloj)

M(P) := {Q g-martingale measure s.t. % € L7(Q, TT,P)}
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Relation between g-arbitrage and e-martingale measures

It is possible that:

@ A strict e-arbitrage
@ A e-martingale measure
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Relation between g-arbitrage and e-martingale measures

It is possible that:

@ A strict e-arbitrage
@ A e-martingale measure

In previous example:

! forall Q ~ P, [Eg[AS:[Foll=d>&
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Relation between g-arbitrage and e-martingale measures

It is possible that:

@ A strict e-arbitrage
@ A e-martingale measure

In previous example:

! forall Q ~ P, [Eg[AS:[Foll=d>&

Theorem (Quantitative FTAP)

NA,(P) — M. (P)+0
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Canonical decomposition

Assume absence of strict e-arbitrage. Then any H € H can be decomposed as

H=J+G+G, with JEE, GeLE nE;,GeErnE

) E,={HeH:H-AS,
KIS L a Eo={HeH:H,-AS,
&

glH,| Vi)
0 vy
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The special role of E; N Ej

no strict e-arbitrage
NA, = { & g

forany Ge E; NE;, (GeS)r 20 = (GeS)r =0

That is, no strict € arbitrage, and no classical arbitrage for a subfamily of strategies
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The special role of E; N Ej

no strict e-arbitrage
NA, = { & g

forany Ge E; NE;, (GeS)r 20 = (GeS)r =0

That is, no strict € arbitrage, and no classical arbitrage for a subfamily of strategies

The closure of K := {(H  S)7 — &||H||: H € H} w.r.t. convergence in probability is

K={(HeS)r—¢lH|+GeS)r: He H,G € ES NEy,H;- G, =0Vt}
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Pricing-hedging duality

Let¥ e LY(Q, Fr,P) be the payoff of a claim. Under NA.(P) we have

sup {Eq[¥]: Q € Mo(P)} = inf {x: IH € H.G € Ef N Ej sit.
X+ (HoS)r+(GoS)r =W +e|H|]

Interpretation: minimal cost to super-replicate and cover costs to manage portfolio H,
while costs for G can be compensated with other trading strategies
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e-fair price

Definition

We say that ¢ € R is an e-fair price for a claim V¥ if having ¥ at price y in the market
does not introduce e-arbitrage:

lilgninf{(Hk oS)r +d" ¥ -y —e(IH | +1a")} =Y >0 = Y =0.

Under NA.(P) we have

set of e-fair prices for ¥ = | | [Eg[¥]- & Eq[¥]+¢£]
QeM.(P)
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The critical value

Definition (critical value)

&(P) := inf {s > (: there is no (strict) e-arbitrage under P}

Equivalently,

B . B . (HeS)r
o) =inf{e2 0: Mo(®) # 0} = sup essinfe —op =x
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The critical value

Definition (critical value)

&(P) := inf {a > (: there is no (strict) e-arbitrage under P}

Equivalently,
B . _ ) (HeS)r
eP)=inf{e>0: M(P) 20} = Sup ess e =T X o

If e > &(P), then
@ NA.(P) holds
e K=K

© sup {Eg[¥]: Q € M(P)} =inf{x: 3H € H s.t. x+ (H o S)7 > ¥ + £||H||}
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Stability

Definition

We define the adapted L™ -distance as
AW oo(P,P’) := inf {ess sup, IAX — AY|| : & € TI(w, v), 7 bicausal}

0 |e(P) — &(P)| < AW(P,P)

o M.(P)£0 = Meraw. er)®)#0

In particular, if P satisfies classical NA (= &(P) = 0), then for P’ in a §-neighborhood we
can have at most ¢ arbitrage
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Stability

To have the above stability results, in the definition of our distance:

@ we cannot drop adaptedness:

T oAl

5

_6I )
-1

@ we cannot drop ess sup:

TN AWo(By.P) = N+5, AW, (Ex.F) = V5
i Mo(®) £0, Mo(By)=0 ¥ e <N

- 1 ps '_6_ _> S(P) = O, E(PN) — N

Pps = 0/(M +6)>

AW oo(Ps,P) =2, We(Ps, P) =26
Mo #0, M (Ps)=0 Ye<1-6
e =0, ePs)=1-96
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Conclusions

In the presented paper, we:
@ introduced quantification of concept of arbitrage
@ made sense of pricing and hedging under small arbitrage
@ established g-FTAP and g-duality
@ proved stability w.r.t. new AW-distance

Thank you for your attention!
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