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➢ Cascaded hydro plants in 
several river basins

➢ Pumping stations 
connecting different 
rivers

➢ Many hydro 
constraints

➢ Interconnection limits 
among areas

➢ electrical losses in 
major interconnections

➢ line flow limits constraints
(DC power flow)

➢ thermal unit commitment constraints

➢ anticipated dispatch requirement of LNG units

➢ MT/LT: Monthly/weekly 
profiles in several load 
blocks, per system area

➢ ST: hourly load profiles
in each bus

Hydro Plants

TRANSMISSION

LOAD

Other sources

➢ Intermittent generation 
(new renewables)

➢ other fixed generations 

➢ Thermal Generation costs +

➢ Risk Measure (CVaR) 
The main objective is to minimize:

Subject to:

Thermal Plants

Power Generation Planning and Operation  
Overview

TARGET: to obtain an “optimal” Policy for planning purposes, to set the 
dispatch of hydro/thermal plants and to establish market prices

Pumped-

storage
Reservoirs
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➢ Explicit representation of thermal generation
costs, as well as startup/shutdown costs

THERMAL PLANTS Cost 
(R$)

generation (MWh)

➢ Combination of water values and plant efficiency yields hydro generation costs

HYDRO PLANTS

 Water consumption 
for generation=Generation 

Costs

Cost Information for Decision Making
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Storage

Future 
Cost ($) Future Cost 

Function

GH

QV

ℎ𝑚3

𝑀𝑊ℎ

𝜕𝐺𝐻

𝜕𝑄
𝜕$

𝜕𝑉

$

ℎ𝑚3

ADDITIONAL SYSTEM COMPONENTS

Mitigate the uncertainty/intermittency of new renewable 
Generation to maximize available energy

Energy Storage Pumped Storage Demand Response

Taking advantage as much as 
possible of “free” generation 

Wind, PV/CSP 
power plants

NEW RENEWABLES 
(WIND, SOLAR...)
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Optimization Models for Energy 
Planning Developed by CEPEL

Developed by CEPEL, 
collaborating with scientific 

community

Validated in working groups in 
by ONS, CCEE, EPE, MME, 

ANEEL, as well as task forces 
with most power system 

utilities

Approved for official use by the 
regulatory agency

used for
System planning
System dispatch
Setting of market prices 
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Price Setting
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Generation of 
inflow/wind 

scenarios

Daily/Weekly 
inflow forecast

Models for risk-averse energy Planning, 
Hydrothermal-wind Scheduling and Price Setting 

Stochastic 
Optimization 

(SDDP)

Long term: optimal policy (FCFs) Mid term: Policy refinement day ahead dispatch/pricing

Flood Prevention 
and Control

Hydrothermal
simulation

CVaR  Risk Averse 
Mechanism

Monthly / Weekly / 
hourly load forecast

Par(p)-A
model

Stochastic 
Optimization 

(DDP)

Stochastic analysis, 
climatic phenomena

Nonlinear  
(Heuristic 

Rules)

Dynamic 
Regression 

Models, SVM 

Statistical + 
rainfall-

information

Hydrothermal unit 
commitment, 

(MILP)



Modelling of nonlinear/nonconvex aspects in SDDP algorithms: experience in the official models applied to the energy planning of the large-scale Brazilian system LACIAM, Jan31th , 2023

source: www.ons.org.br

162 hydro plants /386 thermal units

398 wind farms /37 PV plants

Brazilian Interconnected System Centrally 
Dispatched by the Brazilian ISO (ONS)

+9,000buses / +13,000 transmission lines

+4,000km

HYDRO
(61.6%)

THERMAL (13.9%)

GAS/LNG OIL/DIESEL COAL

WIND/SOLAR (15.4%)

NUCLEAR

BIOMASS+ OTHERS (8.9%)
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Monthly 10 years Monthly

Weekly 2 months weekly

Daily 7 days
up to 

half-an-hour

System ModelingDiscretizationHorizon Uncertainty Solution

FCF

Frequency 

lo
n

g
m

id
sh

o
rt

Stochastic,
CVar

Aggregate reservoirs, 
tie lines SDDP

Stochastic,
CVar 

Individual plants,
tie lines, DDP

Deterministic
unit commitment,

DC Power Flow MILP

Cost Minimization Generation Planning with 
CVaR Risk Averse Criterion - Rolling Horizon Scheme

Fuel costs
($/MWh)

Cost Information

Thermal units Hydro Plants

Storage 

Future 
cost

Water Value
($/hm3)

GH

Q
V

Hydro efficiency
(MWh/hm3)

FCF

New Renewable generation

➢ use “free” generation as much as possible

➢ Generation is curtailed if necessary

m1 m2Rolling Horizon
Scheme w1         w2        w3        w4          w5         w6       w7         w8        

w9

d1-d7     d8-d14    d15-d21   d22-d28    d29-d35     d36-d42  d43-d49    d50-d56    d57-d63   

...
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Hourly Prices- Jan 30th, 2023 – 8am-9am

DAY-AHEAD Scheduling and Hourly 
Pricing in Brazil 

Official use started
on Jan 1st, 2020

+

+

Hourly Prices – last 6 months

Source: CCEE web site (https://www.ccee.org.br/precos/painel-preços)

Official use started
on Jan 1st, 2021

USD 13.50

Average: USD 39.96
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Main References for the Models

Maceira, Penna et al, PSCC 2018

Santos, Diniz et al, EPSR, 2020

Diniz, Costa et al, PSCC 2018

Helseth, Melo, Sintef Report, 2020
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Computation of the Operation 
Policy by SDDP
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Operation Policy: Future Cost Function (FCF) 
at each decision stage

Storages in the 
Reservoirs (𝑉)

Future 
cost ($)

Decision 
maker´s 
dilemma

Vmax

Water values (derivatives)

high

Current Decision Future Inflows Outcome 

low
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Operation Policy: Future Cost Function (FCF) 
at each decision stage

Storages in the 
Reservoirs (𝑉)

Future 
cost ($)

Decision 
maker´s 
dilemma

Vmax

Water values (derivatives)

Current Decision Future Inflows Outcome 

use Hydro Generation (lower costs) 

high

low
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Operation Policy: Future Cost Function (FCF) 
at each decision stage

Storages in the 
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Operation Policy: Future Cost Function (FCF) 
at each decision stage

Storages in the 
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Future 
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Operation Policy: Future Cost Function (FCF) 
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Operation Policy: Future Cost Function (FCF) 
at each decision stage

Storages in the 
Reservoirs (𝑉)

Future 
cost ($)

Decision 
maker´s 
dilemma

Vmax

Water values (derivatives)

Current Decision Future Inflows Outcome 

Low Higher costs, rationing

High  Economic operation

Low Economic operation

high Unnecessary spillageUse Thermal Generation (higher costs)

use Hydro Generation (lower costs) 

high

low
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Operation Policy: Future Cost Function (FCF) 
at each decision stage

Decision 
maker´s 
dilemma

Current Decision Future Inflows Outcome 

Low Higher costs, rationing

High  Economic operation

Low Economic operation

high Unnecessary spillage

use Hydro Generation (lower costs) 

Use Thermal Generation (higher costs)

Vmax

Water values (derivatives)

high

low

Storages in the 
Reservoirs (𝑉)

Future 
cost ($)
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➢ 1962: Bellman´s (Stochastic) Dynamic Programming (SDP) 

➢ 1969: Slyke & Wets L-shaped Method (2-stage problem) + Benders cuts

1985: Birge´s Dual Dynamic Programming (DDP) – multistage problem

➢ 1991: Pereira´s Sampling-based DDP (SDDP – Stochastic Dual Dynamic Programming)

How to obtain the Operation Policy?

Theoretical Background

The FCFs consist in Recourse Functions obtained as an output 
of Dynamic  Programming-based optimization strategies 
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1962: Bellman´s (Stochastic) Dynamic 
Programming (SDP) 

𝑡 = 𝑇𝑡 = 𝑇-1𝑡 = 1

…

𝑡 = 2

𝑉𝑇−1

F𝐶𝐹 ($)

𝑉𝑇−2

F𝐶𝐹 ($)

𝑉1

F𝐶𝐹 ($)

➢ Discretization of system states (storages at each stage

➢ Backward pass to build the FCFs for each stage

Curse of dimensionalityAllows any cost function/constraints
(nonconvex problems)
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1st stage

2nd stage

𝑉

F𝐶𝐹 ($)

1969: Slyke & Wets L-shaped Method (2-stage) 
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𝑉

F𝐶𝐹 ($)

1st stage

2nd stage

𝑉(1)

𝑉(1)

1969: Slyke & Wets L-shaped Method (2-stage) 
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𝑉

F𝐶𝐹 ($)

1st stage

2nd stage

𝑉(1)

𝑉(1)

Benders Cut

1969: Slyke & Wets L-shaped Method (2-stage) 
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𝑉

F𝐶𝐹 ($)

1st stage

2nd stage

𝑉(2)

𝑉(2)

1969: Slyke & Wets L-shaped Method (2-stage) 
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𝑉

F𝐶𝐹 ($)

1st stage

2nd stage

𝑉(2)

𝑉(2)

Benders Cut

1969: Slyke & Wets L-shaped Method (2-stage) 
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𝑉

F𝐶𝐹 ($)

1st stage

2nd stage

𝑉(3)

𝑉(3)

1969: Slyke & Wets L-shaped Method (2-stage) 
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𝑉

F𝐶𝐹 ($)

1st stage

2nd stage

𝑉(3)

𝑉(3)

Benders Cut

1969: Slyke & Wets L-shaped Method (2-stage) 
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𝑉

F𝐶𝐹 ($)

1st stage

2nd stage

𝑉(4)

𝑉(4)

1969: Slyke & Wets L-shaped Method (2-stage) 
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𝑉
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2nd stage

𝑉(4)
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1969: Slyke & Wets L-shaped Method (2-stage) 



Modelling of nonlinear/nonconvex aspects in SDDP algorithms: experience in the official models applied to the energy planning of the large-scale Brazilian system LACIAM, Jan31th , 2023

𝑉

F𝐶𝐹 ($)

1st stage

2nd stage

𝑉(4)

𝑉(4)

Benders Cut

➢ System states where to approximate 
the FCF are obtained iteratively

➢ avoids the curse of dimensionality

1969: Slyke & Wets L-shaped Method (2-stage) 
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𝑉

F𝐶𝐹 ($)

1st stage

2nd stage

𝑉(4)

𝑉(4)

Benders Cut

➢ System states where to approximate 
the FCF are obtained iteratively

➢ avoids the curse of dimensionality

Lower Piecewise Linear Approximation (PWL) requires convexity of the FCF

Second-stage subproblems need to be convex

1969: Slyke & Wets L-shaped Method (2-stage) 
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1985: Dual Dynamic Programming (DDP)

t = 1 t = 2 t = 5 (=T)

V 4

FCF 4

V 3

FCF 3

V 2

FCF 2

V 1

FCF 1

t = 4t = 3

Optimal value
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1985: Dual Dynamic Programming (DDP)

t = 2 t = 5 (=T)

V 4

FCF 4

V 3

FCF 3

V 2

FCF 2

V 1

FCF 1

t = 4t = 3t = 1

Optimal value

1st iteration - Forward Pass
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1985: Dual Dynamic Programming (DDP)

t = 2 t = 5 (=T)

V 4

FCF 4

V 3

FCF 3

V 2

FCF 2

V 1

FCF 1

t = 4t = 3V 1t = 1

Lower 
Bound

Optimal value

1st iteration - Forward Pass
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1985: Dual Dynamic Programming (DDP)

t = 5 (=T)

V 4

FCF 4

V 3

FCF 3

V 2

FCF 2

V 1

FCF 1

t = 4t = 3t = 1 V 2t = 2

Lower 
Bound

Optimal value

1st iteration - Forward Pass
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1985: Dual Dynamic Programming (DDP)

t = 2 t = 5 (=T)

V 4

FCF 4

V 3

FCF 3

V 2

FCF 2

V 1

FCF 1

t = 4t = 3t = 1 V 3

Lower 
Bound

Optimal value

1st iteration - Forward Pass
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1985: Dual Dynamic Programming (DDP)

t = 2 t = 5 (=T)

V 4

FCF 4

V 3

FCF 3

V 2

FCF 2

V 1

FCF 1

t = 3t = 1 V 4t = 4

Lower 
Bound

Optimal value

1st iteration - Forward Pass
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1985: Dual Dynamic Programming (DDP)

t = 2 t = 5 (=T)t = 4t = 3t = 1

V 4

FCF 4

V 3

FCF 3

V 2

FCF 2

V 1

FCF 1

Lower 
Bound

Upper 
Bound

Optimal value

1st iteration - Forward Pass
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1985: Dual Dynamic Programming (DDP)

1st iteration - Backward Pass

t = 2 t = 4t = 3t = 1

V 4

FCF 4

V 3

FCF 3

V 2

FCF 2

V 1

FCF 1

Lower 
Bound

Upper 
Bound

Optimal value

V 4

t = 5 (=T)
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1985: Dual Dynamic Programming (DDP)

t = 2 t = 5 (=T)t = 4t = 3t = 1

V 4

FCF 4

V 3

FCF 3

V 2

FCF 2

V 1

FCF 1

Lower 
Bound

Upper 
Bound

Optimal value

Benders 
cut

1st iteration - Backward Pass
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1985: Dual Dynamic Programming (DDP)

t = 2 t = 5 (=T)t = 3t = 1

V 4

FCF 4

V 3

FCF 3

V 2

FCF 2

V 1

FCF 1

Lower 
Bound

Upper 
Bound

Optimal value

V 3

t = 4

1st iteration - Backward Pass
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1985: Dual Dynamic Programming (DDP)

t = 2 t = 5 (=T)t = 4t = 3t = 1

V 4

FCF 4

V 3

FCF 3

V 2

FCF 2

V 1

FCF 1

Lower 
Bound

Upper 
Bound

Optimal value

Benders 
cut

1st iteration - Backward Pass
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1985: Dual Dynamic Programming (DDP)

t = 2 t = 5 (=T)t = 4t = 1

V 4

FCF 4

V 3

FCF 3

V 2

FCF 2

V 1

FCF 1

Lower 
Bound

Upper 
Bound

Optimal value

V 2

t = 3

1st iteration - Backward Pass
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1985: Dual Dynamic Programming (DDP)

t = 2 t = 5 (=T)t = 4t = 3t = 1

V 4

FCF 4

V 3

FCF 3

V 2

FCF 2

V 1

FCF 1

Lower 
Bound

Upper 
Bound

Optimal value

1st iteration - Backward Pass
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1985: Dual Dynamic Programming (DDP)

t = 5 (=T)t = 4t = 3t = 1

V 4

FCF 4

V 3

FCF 3

V 2

FCF 2

V 1

FCF 1

Lower 
Bound

Upper 
Bound

Optimal value

V 1

t = 2

1st iteration - Backward Pass
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1985: Dual Dynamic Programming (DDP)

t = 2 t = 5 (=T)t = 4t = 3t = 1
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FCF 4

V 3

FCF 3

V 2

FCF 2

V 1
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1985: Dual Dynamic Programming (DDP)

t = 2 t = 5 (=T)t = 4t = 3

V 4

FCF 4

V 3

FCF 3

V 2

FCF 2

V 1

FCF 1

Lower 
Bound

Upper 
Bound

Optimal value

t = 1

2nd iteration - Forward Pass
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1985: Dual Dynamic Programming (DDP)

t = 2 t = 5 (=T)t = 4t = 3

Lower 
Bound

Upper 
Bound

Optimal value

t = 1 V 1

2nd iteration - Forward Pass

V 4

FCF 4

V 3

FCF 3

V 2

FCF 2

V 1

FCF 1
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1985: Dual Dynamic Programming (DDP)

t = 5 (=T)t = 4t = 3

Lower 
Bound

Upper 
Bound

Optimal value

V 2t = 1 t = 2

2nd iteration - Forward Pass

V 4

FCF 4

V 3

FCF 3

V 2

FCF 2

V 1

FCF 1
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1985: Dual Dynamic Programming (DDP)

t = 2 t = 5 (=T)t = 4

Lower 
Bound

Upper 
Bound

Optimal value

V 3t = 1 t = 3

2nd iteration - Forward Pass

V 4

FCF 4

V 3

FCF 3

V 2

FCF 2

V 1

FCF 1
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1985: Dual Dynamic Programming (DDP)
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1985: Dual Dynamic Programming (DDP)
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1985: Dual Dynamic Programming (DDP)

t = 2 t = 5 (=T)t = 3

V 4

FCF 4

V 3

FCF 3

V 2

FCF 2

V 1

FCF 1

Lower 
Bound

Optimal value

t = 1

Upper 
Bound

2nd iteration - Backward Pass

V 3

t = 4



Modelling of nonlinear/nonconvex aspects in SDDP algorithms: experience in the official models applied to the energy planning of the large-scale Brazilian system LACIAM, Jan31th , 2023

1985: Dual Dynamic Programming (DDP)

t = 2 t = 5 (=T)t = 4t = 3

V 4

FCF 4

V 3

FCF 3

V 2

FCF 2

V 1

FCF 1

Lower 
Bound

Optimal value

t = 1

Upper 
Bound

2nd iteration - Backward Pass

Benders 
cut



Modelling of nonlinear/nonconvex aspects in SDDP algorithms: experience in the official models applied to the energy planning of the large-scale Brazilian system LACIAM, Jan31th , 2023

1985: Dual Dynamic Programming (DDP)

t = 2 t = 5 (=T)t = 4

V 4

FCF 4

V 3

FCF 3

V 2

FCF 2

V 1

FCF 1

Lower 
Bound

Optimal value

t = 1

Upper 
Bound

2nd iteration - Backward Pass

V 2

t = 3



Modelling of nonlinear/nonconvex aspects in SDDP algorithms: experience in the official models applied to the energy planning of the large-scale Brazilian system LACIAM, Jan31th , 2023

1985: Dual Dynamic Programming (DDP)

t = 2 t = 5 (=T)t = 4t = 3

V 4

FCF 4

V 3

FCF 3

V 2

FCF 2

V 1

FCF 1

Lower 
Bound

Optimal value

t = 1

Upper 
Bound

2nd iteration - Backward Pass

Benders 
cut



Modelling of nonlinear/nonconvex aspects in SDDP algorithms: experience in the official models applied to the energy planning of the large-scale Brazilian system LACIAM, Jan31th , 2023

1985: Dual Dynamic Programming (DDP)

t = 5 (=T)t = 4t = 3

V 4

FCF 4

V 3

FCF 3

V 2

FCF 2

V 1

FCF 1

Lower 
Bound

Optimal value

t = 1

Upper 
Bound

2nd iteration - Backward Pass

V 1

t = 2



Modelling of nonlinear/nonconvex aspects in SDDP algorithms: experience in the official models applied to the energy planning of the large-scale Brazilian system LACIAM, Jan31th , 2023

1985: Dual Dynamic Programming (DDP)

t = 2 t = 5 (=T)t = 4t = 3

V 4

FCF 4

V 3

FCF 3

V 2

FCF 2

V 1

FCF 1

Lower 
Bound

Optimal value

t = 1

Upper 
Bound

2nd iteration - Backward Pass

Benders 
cut



Modelling of nonlinear/nonconvex aspects in SDDP algorithms: experience in the official models applied to the energy planning of the large-scale Brazilian system LACIAM, Jan31th , 2023

1985: Dual Dynamic Programming (DDP)

t = 2 t = 5 (=T)t = 4t = 3

V 4

FCF 4

V 3

FCF 3

V 2

FCF 2

V 1

FCF 1

Lower 
Bound

Optimal value
Upper 
Bound

t = 1

3rd iteration - Forward Pass



Modelling of nonlinear/nonconvex aspects in SDDP algorithms: experience in the official models applied to the energy planning of the large-scale Brazilian system LACIAM, Jan31th , 2023

1985: Dual Dynamic Programming (DDP)

t = 2 t = 5 (=T)t = 4t = 3

V 4

FCF 4

V 3

FCF 3

V 2

FCF 2

V 1

FCF 1

Lower 
Bound

Optimal value
Upper 
Bound

t = 1

3rd iteration - Forward Pass

V 1



Modelling of nonlinear/nonconvex aspects in SDDP algorithms: experience in the official models applied to the energy planning of the large-scale Brazilian system LACIAM, Jan31th , 2023

1985: Dual Dynamic Programming (DDP)

t = 5 (=T)t = 4t = 3

V 4

FCF 4

V 3

FCF 3

V 2

FCF 2

V 1

FCF 1

Lower 
Bound

Optimal value
Upper 
Bound

3rd iteration - Forward Pass

V 2
t = 1 t = 2



Modelling of nonlinear/nonconvex aspects in SDDP algorithms: experience in the official models applied to the energy planning of the large-scale Brazilian system LACIAM, Jan31th , 2023

1985: Dual Dynamic Programming (DDP)

t = 2 t = 5 (=T)t = 4

V 4

FCF 4

V 3

FCF 3

V 2

FCF 2

V 1

FCF 1

Lower 
Bound

Optimal value
Upper 
Bound

3rd iteration - Forward Pass

V 3t = 1 t = 3



Modelling of nonlinear/nonconvex aspects in SDDP algorithms: experience in the official models applied to the energy planning of the large-scale Brazilian system LACIAM, Jan31th , 2023

1985: Dual Dynamic Programming (DDP)

t = 2 t = 5 (=T)t = 3

V 4

FCF 4

V 3

FCF 3

V 2

FCF 2

V 1

FCF 1

Lower 
Bound

Optimal value
Upper 
Bound

3rd iteration - Forward Pass

V 4t = 1 t = 4



Modelling of nonlinear/nonconvex aspects in SDDP algorithms: experience in the official models applied to the energy planning of the large-scale Brazilian system LACIAM, Jan31th , 2023

1985: Dual Dynamic Programming (DDP)

t = 2 t = 4t = 3

V 4

FCF 4

V 3

FCF 3

V 2

FCF 2

V 1

FCF 1

Lower 
Bound

Optimal valueUpper 
Bound

3rd iteration - Forward Pass

t = 1 t = 5 (=T)

Converged!
LB  UB



Modelling of nonlinear/nonconvex aspects in SDDP algorithms: experience in the official models applied to the energy planning of the large-scale Brazilian system LACIAM, Jan31th , 2023

1985: Dual Dynamic Programming (DDP)

t = 2 t = 4t = 3

V 4

FCF 4

V 3

FCF 3

V 2

FCF 2

V 1

FCF 1

Lower 
Bound

Optimal valueUpper 
Bound

3rd iteration - Forward Pass

t = 1 t = 5 (=T)

Converged!
LB  UB

➢ System states where to approximate 
the FCF are obtained iteratively

➢ avoids the curse of dimensionality

➢ Lower PWL approximations 
requires convexity of the FCF

➢ Only 1st stage subproblem can be 
non-convex
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Application to a Stochastic Program
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➢ Complete scenario tree must be set
(“curse of scenarity”)

➢ System states are not discretized
(avoids curse of dimensionality)

➢ Any scnenario generator can be used

➢ Same convexity requirements of the 
L-shaped method

1985: Dual Dynamic Programming (DDP)

Forward Passes

V t,s

V t,s

V t,s

V t,s

V t,s

V t,s

V t,s

V t,s

V t,s

V t,s

V t,s

V t,s

V t,s

V t,s



Modelling of nonlinear/nonconvex aspects in SDDP algorithms: experience in the official models applied to the energy planning of the large-scale Brazilian system LACIAM, Jan31th , 2023

max

1

max

1

max

1

1011

111

1

0

0

0

..

)(min

VV

GTGT

GHGH

IVGHV

DGTGH

ts

GTc







+=+

=+

max

1

max

1

max

1

1011

111

1

0

0

0

..

)(min

VV

GTGT

GHGH

IVGHV

DGTGH

ts

GTc







+=+

=+

max

1

max

1

max

1

1011

111

1

0

0

0

..

)(min

VV

GTGT

GHGH

IVGHV

DGTGH

ts

GTc







+=+

=+

max

1

max

1

max

1

1011

111

1

0

0

0

..

)(min

VV

GTGT

GHGH

IVGHV

DGTGH

ts

GTc







+=+

=+

max

1

max

1

max

1

1011

111

1

0

0

0

..

)(min

VV

GTGT

GHGH

IVGHV

DGTGH

ts

GTc







+=+

=+

max

1

max

1

max

1

1011

111

1

0

0

0

..

)(min

VV

GTGT

GHGH

IVGHV

DGTGH

ts

GTc







+=+

=+

max

1

max

1

max

1

1011

111

1

0

0

0

..

)(min

VV

GTGT

GHGH

IVGHV

DGTGH

ts

GTc







+=+

=+

max

1

max

1

max

1

1011

111

1

0

0

0

..

)(min

VV

GTGT

GHGH

IVGHV

DGTGH

ts

GTc







+=+

=+

max

1

max

1

max

1

1011

111

1

0

0

0

..

)(min

VV

GTGT

GHGH

IVGHV

DGTGH

ts

GTc







+=+

=+

max

1

max

1

max

1

1011

111

1

0

0

0

..

)(min

VV

GTGT

GHGH

IVGHV

DGTGH

ts

GTc







+=+

=+

max

1

max

1

max

1

1011

111

1

0

0

0

..

)(min

VV

GTGT

GHGH

IVGHV

DGTGH

ts

GTc







+=+

=+

max

1

max

1

max

1

1011

111

1

0

0

0

..

)(min

VV

GTGT

GHGH

IVGHV

DGTGH

ts

GTc







+=+

=+

max

1

max

1

max

1

1011

111

1

0

0

0

..

)(min

VV

GTGT

GHGH

IVGHV

DGTGH

ts

GTc







+=+

=+

max

1

max

1

max

1

1011

111

1

0

0

0

..

)(min

VV

GTGT

GHGH

IVGHV

DGTGH

ts

GTc







+=+

=+

max

1

max

1

max

1

1011

111

1

0

0

0

..

)(min

VV

GTGT

GHGH

IVGHV

DGTGH

ts

GTc







+=+

=+

𝐶𝐹

𝑉

𝐶𝐹

𝑉

𝐶𝐹

𝑉

𝐶𝐹

𝑉

𝐶𝐹

𝑉

𝐶𝐹

𝑉

𝐶𝐹

𝑉

➢ Yields an optimal solution but not a 
policy for simulation purposes

➢ Same convexity requirements of the 
L-shaped method

➢ Complete scenario tree must be set
(“curse of scenarity”)

➢ System states are not discretized
(avoids curse of dimensionality)

Suitable for mid term planning

➢ Any scnenario generator can be used

Application to a Stochastic Program

1985: Dual Dynamic Programming (DDP)

Backward Passes
Benders 

cuts

Benders 
cuts

Benders 
cuts

Benders 
cuts

Benders 
cuts

Benders 
cuts

Benders 
cuts
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1991: Stochastic Dual Dynamic Programming (SDDP)

➢ Only a sample of the complete scenario 

tree is traversed during forward passes 

➢ At each given state, all single stage 

scenarios are solved in backward passes

➢ Set of descendant nodes of of each stage have

the same pdf (random variables + probabilities)

➢ Several paths are traversed in each iteration,

with resampling of forward scenarios 

generate many  
system states 

Build policy function 
approximations

Cut sharing

Resampling

Iter #1 Iter #2 Iter #3 Iter #4 Iter #5
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Literature on SDDP (1/6)

➢ Parallelization strategies

20061999 2014

2003 2013

20212021

➢ Variants in the sampling / cut building procedures
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➢ Convergence Analysis and Stopping Criteria

1996

2011

2011

2018

➢ Resampling

2008

2010

2012

Literature on SDDP (2/6)
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➢ Accelerating techniques

✓ Number or forward samples per iteration

✓ Cut elimination / cut selection
2011

➢ Assessment of Policy Quality (lower/Upper bounds) 2017

2006

1999

20152011

2012
2017

2020

Literature on SDDP (3/6)
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➢ Modeling of higher order time-dependencies on random variables

➢ Modeling of higher order time-dependencies on decision variables 

1996 & 2013 – Cut Sharing

2012  - Anticipated Dispatch of thermal plants 2012  - Time-Window emission constraints

1993 – Par(p)

2022 – Par(p)-A

2022 – diferente  inflow regimes

Literature on SDDP (4/6)
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➢ Risk Averse Approaches

Literature on SDDP (5/6)

20132011

2015

2011

2015

CVaR

Risk Averse Surface (rule curves)

20202017

Robust Optimization 
(demand uncertainty)

2012
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➢ Combination of decomposition approaches to model different types of uncertainties

➢ SDDP with Reinforcement Learning / AI

1999 – SDP / SDDP 2016 – Sampling X scenario tree

2021
2021

Literature on SDDP (6/6)
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➢ Nonconvex state-dependent irrigation constraints

➢ Convex relaxation in the backward pass (Loose cuts)

2016

➢ Nonconvex model of the Hydro production function with 

McCormick envelopes

➢ solve MILP in forward passes and Lagrangian relaxation of

subproblems in backward passes, yileding tighter cuts

2012

➢ Strategic Bidding Problem

➢ DP equations are considered in the LR procedure

➢ Step Function model for the FCF

➢ MILP subproblems are solved in forward/backard passes

2020

2016

SDDP with Nonconvex Constraints (1/3)
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SDDiP – Stochastic Dual Dynamic Integer Programming

➢ Modeling on nonconvexities in an explicit way with a MILP problem

➢ Binary expansion to derive 0-1 state variables

➢ 3 types of cuts with increasing degree of exacteness:

✓ Traditional Benders cuts

✓ Lagrangian cuts

✓ Strenghtened Benders cuts

yields convex FCFs in the {0,1}2 space

2019

2019 2020

Applications so far (small systems)

2019

SDDP with Nonconvex Constraints (2/3)
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Stochastic Lipschitz Dynamic Programming

➢If the FCFs are known to be Lipschitz-continuous, build

lower approximations by Lipschitz continuous cuts  

➢ When the Lipschitz continuity hipothesis may not

hold, applies a Lipschitz continuous regularized FCF

SDDP with Nonconvex Constraints (3/3)
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OUTPUT:
Optimal Operation Policy
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cuts:

FORWARD PASS BACKWARD PASS

OPERATION POLICY BY SDDP FOR MID/LONG 
TERM PLANNING IN BRAZIL

Time dependency on 

random variables (Par(P)-A)

Time-dependency on 

decision variables (LNG 

plants, rule curves)

Forward resampling

Accelerating techniques (cut 

selection, warm starts)

Parallel processing

Stopping criteria: 

lower bound stability

Assessment of solution 

quality with 2,000 

scenarios

Nonlinear / 

Nonconvex terms
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Nonlinear/Nonconvex constraints in the 
NEWAVE model

➢ Performs na assessment of nonconvex terms related to 

the modeling of energy inflows

➢ Proposes linear approximations instead of quadratic 

functions in  the modeling of nonlinear terms related to 

state variables (in the modeling of equivalent reservoirs)

2012

➢ Application of dynamic piecewise linear models for 

convex thermal Generation costs and convexified 

non-conconcave Hydro production function

Previous Assessments
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Requirement for application of nonlinear 
constraints

➢ Since the problems should be convex, we must have:

✓ equations ? 

1st case: explicit nonlinear functions of decisions variables 𝒙
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Requirement for application of nonlinear 
constraints

➢ Since the problems should be convex, we must have:

✓ equations   => must have a linear formulation

1st case: explicit nonlinear functions of decisions variables 𝒙
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Requirement for application of nonlinear 
constraints

➢ Since the problems should be convex, we must have:

✓ equations   => must have a linear formulation

✓ inequalities ? 

1st case: explicit nonlinear functions of decisions variables 𝒙
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Requirement for application of nonlinear 
constraints

➢ Since the problems should be convex, we must have:

✓ equations   => must have a linear formulation

✓ inequalities => must satisfy:

f    g(x), w/ g concave f  g(x), with g convex

f f

x x

1st case: explicit nonlinear functions of decisions variables 𝒙

g(x)

g(x)
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Requirement for application of nonlinear 
constraints

➢ What if we have nonlinear (concave/convex) equations?

f f

x x

1st case: explicit nonlinear function of decisions variables 𝒙

g(x)

g(x)
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Requirement for application of nonlinear 
constraints

➢ What if we have nonlinear (concave/convex) equations?

✓ 1st step: expand the feasible region by transforming the equation into an inequality relation

1st case: explicit nonlinear function of decisions variables 𝒙

f

x x

fg(x)

g(x)
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Requirement for application of nonlinear 
constraints

➢ What if we have nonlinear (concave/convex) equations?

✓ 1st step: expand the feasible region by transforming the equation into an inequality relation

✓ 2nd step: check whether the optimal solution will tend to lie in the boundary of the augmented
feasible region

f

x x

1st case: explicit nonlinear function of decisions variables 𝒙

Increase 
in costs

Increase in 
costs

x*

x*

fg(x)

g(x)

(example for cost minimization problems)
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Requirement for application of nonlinear 
constraints

➢ What if we have non concave/non convex inequalities?

1st case: explicit nonlinear function of decisions variables 𝒙
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Requirement for application of nonlinear 
constraints

➢ What if we have non concave/non convex inequalities?

✓ 1st step: check the conditions:

1st case: explicit nonlinear function of decisions variables 𝒙

f

x x

f
g(x)

g(x)

f    g(x), w/ g nearly concave f  g(x), with g nearly convex
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Requirement for application of nonlinear 
constraints

➢ What if we have non concave/non convex inequalities?

✓ 1st step: check the conditions:

✓ 2nd step: apply a convexification procedure to yield outer concave/convex approximations

1st case: explicit nonlinear function of decisions variables 𝒙

f

x x

f
g(x)

g(x)

f    g(x), w/ g nearly concave f  g(x), with g nearly convex
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Requirement for application of nonlinear 
constraints

➢ What if we have non concave/non convex inequalities?

✓ 1st step: check the conditions:

✓ 2nd step: apply a convexification procedure to yield outer concave/convex approximations

✓ 3rd step: apply a regression coefficient to decrease errors between both functions

1st case: explicit nonlinear function of decisions variables 𝒙

f

x x

f
g(x)

g(x)

f    g(x), w/ g nearly concave f  g(x), with g nearly convex
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Requirement for application of nonlinear 
constraints

➢ What if we have non concave/non convex equations?

1st case: explicit nonlinear function of decisions variables 𝒙

f

x x

f
g(x)

g(x)
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Requirement for application of nonlinear 
constraints

➢ What if we have non concave/non convex equations?

➢ 1st step: check whether the optimal solution will tend to lie in the boundary of the 
(to be augmented) feasible region

1st case: explicit nonlinear function of decisions variables 𝒙

f

x x

f
g(x)

g(x)

Increase 
in costs

Increase in 
costs
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Requirement for application of nonlinear 
constraints

➢ What if we have non concave/non convex equations?

➢ 1st step: check whether the optimal solution will tend to lie in the boundary of the 
(to be augmented) feasible region

➢ 2nd step: apply the convexification/regression procedure previously described

1st case: explicit nonlinear function of decisions variables 𝒙

f

x x

f
g(x)

g(x)

x*

x*



Modelling of nonlinear/nonconvex aspects in SDDP algorithms: experience in the official models applied to the energy planning of the large-scale Brazilian system LACIAM, Jan31th , 2023

Requirement for application of nonlinear 
constraints

2nd case: nonlinear function of state variables of a given subproblem

𝐴𝑥 = 𝑏 − 𝑔(ො𝑥), 

𝑔(ො𝑥) ≤ 𝑎ො𝑥2 + 𝑏ො𝑥 + 𝑐,

with

1st situation: 
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Requirement for application of nonlinear 
constraints

2nd case: nonlinear function of state variables of a given subproblem

𝐴𝑥 = 𝑏 − 𝑔(ො𝑥), 

𝑔(ො𝑥) ≤ 𝑎ො𝑥2 + 𝑏ො𝑥 + 𝑐,

with
𝐴𝑥 + 𝑥´ = 𝑏

𝑥´ ≤ 𝑎 ො𝑥2 + 𝑏ො𝑥 + 𝑐,𝑥´ = 𝑔(ො𝑥)

𝑥´ g(x)

1st situation: 
1st condition: 
𝒈(ෝ𝒙) must be concave   (a<0)

ො𝑥
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Requirement for application of nonlinear 
constraints

2nd case: nonlinear function of state variables of a given subproblem

𝐴𝑥 = 𝑏 − 𝑔(ො𝑥), 

𝑔(ො𝑥) ≤ 𝑎ො𝑥2 + 𝑏ො𝑥 + 𝑐,

with
𝐴𝑥 + 𝑥´ = 𝑏

𝑥´ ≤ 𝑎 ො𝑥2 + 𝑏ො𝑥 + 𝑐,𝑥´ = 𝑔(ො𝑥)

𝑥´ g(x)

1st situation: 

ො𝑥

 𝜆∗

=> Multiplier        has to taken into account in the computation

of the derivative of the state variable ො𝑥 , multiplied by the 

derivative of the function 𝑔(ො𝑥) w.r.t. to ො𝑥

=> The effect of the nonlinear constraint will eventually impact

the shape of the cost to go function

𝜆∗

ො𝑥The same requirement regarding the sign of the 
objective function inside the feasible region must hold
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Requirement for application of nonlinear 
constraints

2nd case: nonlinear function of state variables of a given subproblem

𝐴𝑥 = 𝑏 − 𝑔(ො𝑥), 

𝑔 ො𝑥 = 𝑎ො𝑥2 + 𝑏ො𝑥 + 𝑐,

with

2nd situation: 
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Requirement for application of nonlinear 
constraints

2nd case: nonlinear function of state variables of a given subproblem

𝐴𝑥 = 𝑏 − 𝑔(ො𝑥), 

𝑔 ො𝑥 = 𝑎ො𝑥2 + 𝑏ො𝑥 + 𝑐,

with
𝐴𝑥 + 𝑥´ = 𝑏

𝑥´ = 𝑎 ො𝑥2 + 𝑏ො𝑥 + 𝑐,𝑥´ = 𝑔(ො𝑥)

𝑥´ g(x)

2nd situation: 

ො𝑥ො𝑥
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Requirement for application of nonlinear 
constraints

2nd case: nonlinear function of state variables of a given subproblem

𝐴𝑥 = 𝑏 − 𝑔(ො𝑥), 

𝑔 ො𝑥 = 𝑎ො𝑥2 + 𝑏ො𝑥 + 𝑐,

with
𝐴𝑥 + 𝑥´ = 𝑏

𝑥´ = 𝑎 ො𝑥2 + 𝑏ො𝑥 + 𝑐,𝑥´ = 𝑔(ො𝑥)

𝑥´ g(x)

2nd situation: 

ො𝑥ො𝑥

In order to augment the feasible region, 
the same requirement regarding the 
“direction” of the objective function into 
the feasible region must hold
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Requirement for application of nonlinear 
constraints

2nd case: nonlinear function of state variables of a given subproblem

𝐴𝑥 = 𝑏 − 𝑔(ො𝑥), 

𝑔 ො𝑥 = 𝑎ො𝑥2 + 𝑏ො𝑥 + 𝑐,

with
𝐴𝑥 + 𝑥´ = 𝑏

𝑥´ = 𝑎 ො𝑥2 + 𝑏ො𝑥 + 𝑐,𝑥´ = 𝑔(ො𝑥)

𝑥´ g(x)

2nd situation: 

ො𝑥ො𝑥

In order to augment the feasible region, 
the same requirement regarding the 
“direction” of the objective function into 
the feasible region must hold

Increase 
in costs
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Requirement for application of nonlinear 
constraints

2nd case: nonlinear function of state variables of a given subproblem

𝐴𝑥 = 𝑏 − 𝑔(ො𝑥), 

𝑔 ො𝑥 ≤ 𝑎ො𝑥2 + 𝑏ො𝑥 + 𝑐,

with
𝐴𝑥 + 𝑥´ = 𝑏

𝑥´ ≤ 𝑎 ො𝑥2 + 𝑏ො𝑥 + 𝑐,𝑥´ = 𝑔(ො𝑥)

𝑥´ g(x)- concave case

2nd situation: 

ො𝑥ො𝑥

In order to augment the feasible region, 
the same requirement regarding the 
“direction” of the objective function into 
the feasible region must hold

Increase 
in costs
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Requirement for application of nonlinear 
constraints

2nd case: nonlinear function of state variables of a given subproblem

𝐴𝑥 = 𝑏 − 𝑔(ො𝑥), 

𝑔 ො𝑥 ≥ 𝑎ො𝑥2 + 𝑏ො𝑥 + 𝑐,

with
𝐴𝑥 + 𝑥´ = 𝑏

𝑥´ ≥ 𝑎 ො𝑥2 + 𝑏ො𝑥 + 𝑐,𝑥´ = 𝑔(ො𝑥)

𝑥´

2nd situation: 

ො𝑥ො𝑥

In order to augment the feasible region, 
the same requirement regarding the 
“direction” of the objective function into 
the feasible region must hold

Increase 
in costs

g(x)- convex case
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Requirement for application of nonlinear 
constraints

2nd case: nonlinear function of state variables of a given subproblem

𝐴𝑥 = 𝑏 − 𝑔(ො𝑥), 

𝑔 ො𝑥 ≥ 𝑎ො𝑥2 + 𝑏ො𝑥 + 𝑐,

with
𝐴𝑥 + 𝑥´ = 𝑏

𝑥´ ≥ 𝑎 ො𝑥2 + 𝑏ො𝑥 + 𝑐,𝑥´ = 𝑔(ො𝑥)

𝑥´

2nd situation: 

ො𝑥ො𝑥

In order to augment the feasible region, 
the same requirement regarding the 
“direction” of the objective function into 
the feasible region must hold

Increase 
in costs

g(x)- convex case

Convexification procedures may be necessary



Modelling of nonlinear/nonconvex aspects in SDDP algorithms: experience in the official models applied to the energy planning of the large-scale Brazilian system LACIAM, Jan31th , 2023

GH(ea)

EAt

a < 0

EAt

a > 0

EVMIN(EAt)

EAt

a > 0

DESVC(EAt)

EAt

a > 0

a = -0.111736E-11

b = 0.767911E-06

c = 0.920171E+00

a = 0.260846E-09

b = -0.19384E-03

c = -0.38308E+03

a = -0.5025E-09

b = 0.7149E-03

c = 0.1004E+03

a = -0.789412E-08

b =0.534699E-02

c = 0.629055E+04

Nonlinear expressions for application of nonlinear 
constraints

Minimum outflow as a function of storage

Generation as a function of storage Evaporation as a function of storage

Water intakes as a function of storage
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GH(ea)

EAt

a < 0

EAt

a > 0

EVMIN(EAt)
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a > 0

DESVC(EAt)

EAt

a > 0

a = -0.111736E-11

b = 0.767911E-06

c = 0.920171E+00

a = 0.260846E-09

b = -0.19384E-03

c = -0.38308E+03

a = -0.5025E-09

b = 0.7149E-03

c = 0.1004E+03

a = -0.789412E-08

b =0.534699E-02

c = 0.629055E+04

Nonlinear expressions in the SDDP-based
NEWAVE model

Minimum outflow as a function of storage

Generation as a function of storage Evaporation as a function of storage

Water intakes as a function of storage
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EAt

a < 0

EAt

a > 0

EVMIN(EAt)

EAt

a > 0

DESVC(EAt)

EAt

a > 0

a = -0.111736E-11

b = 0.767911E-06

c = 0.920171E+00

a = 0.260846E-09

b = -0.19384E-03

c = -0.38308E+03

a = -0.5025E-09

b = 0.7149E-03

c = 0.1004E+03

a = -0.789412E-08

b =0.534699E-02

c = 0.629055E+04

Minimum outflow as a function of storage

Generation as a function of storage Evaporation as a function of storage

Water intakes as a function of storage

Nonlinear expressions in the SDDP-based
NEWAVE model
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b = 0.7149E-03

c = 0.1004E+03

a = -0.789412E-08

b =0.534699E-02

c = 0.629055E+04

Minimum outflow as a function of storage

Generation as a function of storage Evaporation as a function of storage

Water intakes as a function of storage

Nonlinear expressions in the SDDP-based
NEWAVE model
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GH(ea)

EAt

a < 0

EAt

a > 0

EVMIN(EAt)

EAt

a > 0

DESVC(EAt)

EAt

a > 0

a = -0.111736E-11

b = 0.767911E-06

c = 0.920171E+00

a = 0.260846E-09

b = -0.19384E-03

c = -0.38308E+03

a = -0.5025E-09

b = 0.7149E-03

c = 0.1004E+03

a = -0.789412E-08

b =0.534699E-02

c = 0.629055E+04

Minimum outflow as a function of storage

Generation as a function of storage Evaporation as a function of storage

Water intakes as a function of storage

Linear approximation

Nonlinear expressions in the SDDP-based
NEWAVE model
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b =0.534699E-02
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Minimum outflow as a function of storage

Generation as a function of storage Evaporation as a function of storage

Water intakes as a function of storage

Nonlinear expressions in the SDDP-based
NEWAVE model
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Convergence check: deterministic cases
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CONCLUSIONS

Linear (affine) approximation should be employed only if, 

after having checked all these conditions, one of them fail
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A Survey on SDDP algorithms

https://optimization-online.org/2021/01/8217/
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diniz@cepel.brThank you!

mailto:dessem@cepel.br
mailto:iniz@cepel.br
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